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Notes on the function gsw_geo_stf_Montgomery(SA,CT,p,p_ref)

Notes written 9% April 2011

This function, gsw_geo_strf_Montgomery(SA,CT,p,p_ref) evaluates the Montgomery
geostrophic  streamfunction (Montgomery, 1937) ¥ (S,,©, p,p,;) using the
computationally-efficient 48-term rational function expression of McDougall et al. (2011)
for the specific volume of seawater V(S,,®,p) in terms of Absolute Salinity S,,
Conservative Temperature ® and pressure p. This 48-term rational function expression
for density is discussed in McDougall et al. (2011) and in appendix A.30 and appendix K of
the TEOS-10 Manual (IOC et al. (2010)). For dynamical oceanography we may take the 48-
term rational function expression for density as essentially reflecting the full accuracy of
TEOS-10.

The input variables SA,CT,p are either a single vertical cast or a series of such vertical
casts. The input variable p,; is a single positive scalar reference pressure (in dbar).
When p_ref is zero, gsw_geo_strf_Montgomery(SA,CT,p,p_ref) returns the Montgomery
geostrophic streamfunction with respect to the sea surface, otherwise, the function returns
the Montgomery geostrophic streamfunction with respect to the (deep) reference pressure
p_ref. The Montgomery geostrophic streamfunction ¥™ = ¥™ (Sa» ©, P, P ) is designed
to be used in a surface of constant specific volume anomaly, defined in Eqn. (2) below, that
is, in a surface in which 5(S,,0,p) is a constant, 5(S,,®,p)=4,. The geostrophic
streamfunction ¥ is the geostrophic streamfunction for the flow in the specific volume
anomaly surface &(S,,0, p) = &, relative to the flow at P = P, (thatis, at p, dbar). Thus
the two-dimensional gradient of M in the 5 specific volume anomaly surface is simply
related to the difference between the horizontal geostrophic velocity v in the 5= 5‘1
surface and that at the reference pressure v, according to

kxvgl\PM = fv-fv, or véll}f“" = —kx(fv— fvg). (1)

The specific volume anomaly 5 (Sa.0,p) is defined with respect to the constant
reference values Sqy = 35.16504 g kg™ and © = 0°C as

5(S.0,p) = ¥(Sa.0,p) — V(Ss0,0°C, p), 2)
and the Montgomery geostrophic streamfunction ¥ is defined in terms of the dynamic
height anomaly ¥ by

A~ P o4

$M = (P-PR)o - [ 5(Sa[p].0[p].p')dP’

Pref (3)

=(P-R)5 +¥

Note also that the pressure integral in Eqn. (3) is done with pressure increments measured
in Pa, not dbar. This ensures that specific volume and the Montgomery geostrophic
streamfunction retain their usual units of m® kg™ and m? s (=J kg™) respectively. The
code gsw_geo_strf_Montgomery(SA,CT,p,p_ref) operates by evaluating the last line of
Eqn. (3) and the dynamic height anomaly ¥ is found from
gsw_geo_strf_dyn_height(SA,CT,p,p_ref).
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Here follows section 3.28 of the TEOS-10 Manual (I0C et al. (2010)).

3.28 Montgomery geostrophic streamfunction

The Montgomery “acceleration potential” (Montgomery, 1937) ¥M defined by
A P
¥ = (P-R)s - [5(Sa[p].0[p].p') dP’ (3.28.1)
Ro

is the geostrophic streamfunction for the flow in the specific volume anomaly surface
5(Sa,©,p) =&, relative to the flow at P =P, (that is, at p=0dbar). Thus the two-
dimensional gradient of ¥™ in the &, specific volume anomaly surface is simply related
to the difference between the horizontal geostrophic velocity v in the 5= 31 surface and

at the sea surface v, according to
kxVy M = fv—fvy o ViPY = —kx(fv - fvg). (3.28.2)

The definition, Eqn. (3.28.1), of the Montgomery geostrophic streamfunction applies to all
choices of the reference values S, and © in the definition, Eqn. (3.7.3), of the specific
volume anomaly. By carefully choosing these reference values the specific volume
anomaly surface can be made to closely approximate the neutral tangent plane
(McDougall and Jackett (2007)).

It is not uncommon to read of authors using the Montgomery geostrophic
streamfunction, Eqn. (3.28.1), as a geostrophic streamfunction in surfaces other than
specific volume anomaly surfaces. This incurs errors that should be recognized. For
example, the gradient of the Montgomery geostrophic streamfunction, Eqn. (3.28.1), in a
neutral tangent plane becomes (instead of Eqn. (3.28.2) in the 5= 51 surface)

VM = —kx(fv - fvg) + (P - R)V,5, (3.28.3)

where the last term represents an error arising from using the Montgomery
streamfunction in a surface other than the surface for which it was derived.

Zhang and Hogg (1992) subtracted an arbitrary pressure offset, (I3— PO), from
(P-PRy) in the first term in Eqn. (3.28.1), so defining the modified Montgomery
streamfunction

A P .
= (PoP)o — [o(SalrLolP p) e (284)
The gradient of ¥*" in a neutral tangent plane becomes
A i —kx(fv - fVo) 4 (p_ﬁ)vngl (3.28.5)

where the last term can be made significantly smaller than the corresponding term in Eqn.
(3.28.3) by choosing the constant pressure P to be close to the average pressure on the
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surface. This term can be further minimized by suitably choosing the constant reference
values S, and @ in the definition, Eqn. (3.7.3), of specific volume anomaly & so that this
surface more closely approximates the neutral tangent plane (McDougall (1989)). This
improvement is available because it can be shown that

V.S = - [;e(sA,(a, p) - ze(s:A,(f), p)} VP ~ T (@-é)vnp. (3.28.6)
The last term in Eqn. (3.28.5) is then approximately
(P-P)V,d ~ 1p'7° (@-é)vn (P-P)’ (3.28.7)

and hence suitable choices of P, S, and ® can reduce the last term in Eqn. (3.28.5) that
represents the error in interpreting the Montgomery geostrophic streamfunction, Eqn.
(3.28.4), as the geostrophic streamfunction in a surface that is more neutral than a specific
volume anomaly surface.

The Montgomery geostrophic streamfunction should be quoted in units of m? s™.
These are the units in which the GSW Toolbox outputs the Montgomery geostrophic
streamfunction in the function gsw_geo_strf_Montgomery(SA,CT,p,p_ref). When the last
argument of this function, p_ref, is other than zero, the function returns the Montgomery
geostrophic streamfunction with respect to a (deep) reference sea pressure p_ref, rather
than with respect to p =0 dbar (i.e. P = Ry) asin Eqn. (3.28.1).
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