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Notes on the function
gsw_enthalpy_second_derivatives(SA,CT,p)

This function, gsw_enthalpy_second_derivatives(SA,CT,p), evaluates the second order
partial derivatives of enthalpy h = ﬁ(SA,Q, p), with respect to Absolute Salinity and
Conservative Temperature, ﬁ%, ﬁSA® and HsAsA , as derived by McDougall et al. (2011),
and as given in Egns. (A.11.19) - (A.11.21) of the TEOS-10 Manual (IOC et al., 2010),
repeated here.
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The first steps in the present function gsw_enthalpy_second_derivatives(SA,CT,p) are to
calculate in situ temperature t and potential temperature 6. This function evaluates the
above three expressions directly from the various partial derivatives of the full TEOS-10
Gibbs function ¢ (S At p) of IOC et al. (2010), being the sum of the IAPWS-09 and IAPWS-
08 Gibbs functions.

ﬁ% is naturally well-behaved as Absolute Salinity approaches zero, as well as at
Sy =0gkg™ ﬁsAe is well-behaved as Absolute Salinity approaches zero, but the
expression (A.11.20) returns a Nan when S, <107 g kg™'. This is avoided by trapping
values S, less than 107 g kg™ and replacing them with 107 g kg™ before Eqn.
(A.11.20) is evaluated. ﬁSASA has an unavoidable, physically realistic singularity that
scales as S,’° as S, approaches zero.
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Here follows appendices A.10, A.11 and A.12 of the TEOS-10 Manual (I0C et al., 2010).

A.10 Proof that 8 = 6(Sa,77) and @=0(Sx,6)

Consider changes occurring at the sea surface, (specifically at p =0 dbar) where the
temperature is the same as the potential temperature referenced to 0 dbar and the
increment of pressure dp is zero. Regarding specific enthalpy h and chemical potential
4 to be functions of entropy 7 (in place of temperature t), that is, considering the
functional form of h and  tobe h=h(S,,7p) and u = i(Sx,7,p), it follows from the
fundamental thermodynamic relation (Eqn. (A.7.1)) that

h, (Sa.7.0)dn +hg, (Sa.7,0) dSy = (To+6)dn + z(Sx.7.0) dS,, (A.10.1)

which shows that specific entropy 7 is simply a function of Absolute Salinity S, and
potential temperature ¢, that is 17 =17(S,,0), with no separate dependence on pressure.
It follows that 6 = 6(S,.7).

Similarly, from the definition of potential enthalpy and Conservative Temperature in
Eqgns. (3.2.1) and (3.3.1), at p =0 dbar it can be seen that the fundamental thermodynamic
relation (A.7.1) implies

cod® = (Ty+0)dn + j1(Sa,0,0) dS,. (A.10.2)

This shows that Conservative Temperature is also simply a function of Absolute Salinity
and potential temperature, @=0(S,,6), with no separate dependence on pressure. It then
follows that ® may also be expressed as a function of only S, and 7. It follows that ®
has the “potential” property.
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A.11 Various isobaric derivatives of specific enthalpy

Because of the central role of enthalpy in the transport and the conservation of “heat” in
the ocean, the derivatives of specific enthalpy at constant pressure are here derived with
respect to Absolute Salinity and with respect to the three “temperature-like” variables
n, 6 and © as well as in situ temperature t.

We begin by noting that the three standard derivatives of h =h(S,,t,p) when in
situ temperature t is taken as the “temperature-like” variable are

o/aSal. ) = #(SaitiP) = (To+t) 7 (Sart P), (A.11.1)
ah/aT|SAYp = ¢, (Satip) = (To+t) 71 (Sart, ), (A11.2)
ohfoPl - = v(Satp) = (To+t)vr(Sart,p). (A.11.3)

Now considering specific enthalpy to be a function of entropy (rather than of
temperature t), that is, taking h=h (S Nt/2 p), the fundamental thermodynamic relation
(A.7.1) becomes

h,dn + hg,dS, = (To+t)dy + udS, while aﬁ/ap\s =v, (A.11.4)
ATl
so that
aﬁ/an\ —(Ty+t)  and aﬁ/asA\ = 4. (A.11.5)
Sa. P np

Now taking specific enthalpy to be a function of potential temperature (rather than of
temperature t), that is, taking h =h(S,,6,p), the fundamental thermodynamic relation
(A.7.1) becomes

hyd6 + hs,dS, = (Ty+t)dy + udS,  while aﬁ/ap\S =V (A.11.6)
A
To evaluate the h, partial derivative, it is first written in terms of the derivative with
respect to entropy as
h[,LA’p: nals, hﬂ\SA’p: nols, (To+t), (A.117)

where (A.11.5) has been used. This equation can be evaluated at p =0 when it becomes
(the potential temperature used here is referenced to p, =0)

Hg‘sA,p:o: Cp(Sar0.0)= ’79|5A (To+0). (A.11.8)
These two equations are used to arrive at the desired expression for ﬁg namely
(To+t)
Olsn,p =G (SA’Q’O) (T§+9) = - (TO +t)gTT (SA'H'O)- (A.11.9)

To evaluate the ﬁsA partial derivative, we first write specific enthalpy in the functional
form h=h (S A11(Sa.6), p) and then differentiate it, finding

SA\M: hSA‘,,,p + hn‘sA,p”SA‘e' (A.11.10)
The partial derivative of specific entropy 7 = -g; (Eqn. (2.10.1)) with respect to Absolute
Salinity, 75, =—0s,7, is also equal to —z4 since chemical potential is defined by Eqn.
(2.9.6) as u =gs, . Since the partial derivative of entropy with respect to S, in (A.11.10) is
performed at fixed potential temperature (rather than at fixed in situ temperature), this is
equal to —u; evaluated at p=0. Substituting both parts of (A.11.5) into (A.11.10) we

have the desired expression for ﬁsA namely
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A‘&,p: #(SatiP) = (To 1) (S.6.0) (A.11.11)

= 0s, (Sa:tip) = (To+1) rs, (Sa.6.0).
Notice that this expression contains some things that are evaluated at the general pressure
p and one evaluated at the reference pressure p, = 0.

Now considering specific enthalpy to be a function of Conservative Temperature
(rather than of temperature t), that is, taking h= ﬁ(S a0, p), the fundamental
thermodynamic relation (A.7.1) becomes

hod® + N, dS, = (Ty+t)dry + udS,  while =V, (A.11.12)
A @
The partial derivative ﬁ follows directly from this equation as
h ‘ = (To+t)6]s, , = (To+1)7ta)s, - (A.11.13)
At p =0 this equation reduces to
N 0
oy, 0= G0 = (To +.9);7®|SA : (A.11.14)
and combining these two equations gives the desired expression for hy namely
~ T, +t
o = (To+t) cS. (A.11.15)

To evaluate the hg ~partial derivative we first write h in the functional form
h=h (S A71(SA.©), P "and then differentiate it, finding (using both parts of Eqn. (A.11.5))

= u(Sartip) + (To+t)7s, | - (A.11.16)

SA®p

The differential expression Eqn. (A.11.12) can be evaluated at p =0 where the left-hand

side is simply C%d@ so that from Eqn. (A.11.12) we find that
1(SA,0,0
Monl,, = —M, (A.11.17)
(To+0)

so that the desired expression for hs, is

= u(Sa.t,p) - (o +t) #(Sa,0,0)

h
S 0,p (TO +(9)

A

(A.11.18)

- 0, (S0P~ (05, (50.00).

The above boxed expressions for four different isobaric derivatives of specific enthalpy are
important as they are integral to forming the First Law of Thermodynamics in terms of
potential temperature and in terms of Conservative Temperature. The partial derivatives
ﬁ@ and ﬁsA of Eqns. (A.11.15) and (A.11.18) can be calculated using the GSW
Oceanographic Toolbox function gsw_enthalpy_first_derivatives.
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The second order partial derivatives ﬁ®® , ﬁsA@) and ﬁSASA can be written in terms of
the seawater Gibbs function as (from McDougall et al. (2011b))

(c) )2 (To+t) 1 .
(To + (9)2 ((To +9) Orr (SA,Q,O) B O7r (SA,t, p) j ’ (A.11.19)
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These second order partial derivatives can be calculated using the GSW Oceanographic
Toolbox function gsw_enthalpy_second_derivatives.
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A.12 Differential relationships between 7, 8, ® and S,

Evaluating the fundamental thermodynamic relation in the forms (A.11.6) and (A.11.12)
and using the four boxed equations in appendix A.11, we find the relations

(Ty+t)dn-+ (p)dS, = ((TTO :;)) ¢, (0)d0 + [u(p) - (Ty+t) r (0)]dS,
(o +t) o, (T)+1) A12.D)
T (Ty+0) Cpd® + {u(p)—m#(O)}dSA,

The quantity u(p)dS, is now subtracted from each of these three expressions and the
whole equation is then multiplied by (T,+6)/(T,+t) obtaining

(To+0)dn = c,(0)d6 — (To+6) i (0) dS, = €5d® —(0) dS, . (A12.2)

From this follows all the following partial derivatives between 7, 8, ® and S,,

®Opls, = 5 (S0, 0)/c?, @sAL: [£(84,0,0)= (To+0) tr (Sa,0,0)] [cp,  (A123)
@n\sA = (Ty+0)/cS, O, ‘n: 14(54.0,0)/c}, (A.12.4)
0'7|SA: (T0+6)/Cp(SA"9'O)' gSAL]:(To*'Q)#T (SAyevO)/Cp(SAﬁ,O), (A.12.5)

Ools, = €5/C5 (5a:0.0), s, | == [1(54,0.0)= (To+0) s (S4,6.0)]/c, (Sa,0,0), (A.12:6)
Mo, = o (Sar0.0)/(To+0), s, | = — 4 (S4.0.0), (A12.7)

Tols, = cp/(To+0), 775A‘ = —u(S4.0,0)/(To+6). (A.12.8)

The three second order derivatives of 7(S, ®) are listed in Eqgns. (P.14) and (P.15) of
appendix P. The corresponding derivatives of 0(Sa,©), namely 6, bs, oo, 65,6 and
0,5, can also be derived using Eqn. (P.13), obtaining

1 A Os, 6. Oy A C:)esA 05,04

o = = O, = ——=2, Opg = ——r, O50=-—0 +—2 L (Al29abcd)
P ©s (©5) (©) (&)
- ~ ~ ~ 2
R ® O, 6 ®
and O, =-——2% 1 %A "% | _Sa e (A.12.10)
AR ®9 ®r9 ®n9 ®r9 ®€

in terms of the partial derivatives ©,, (:)SA , O, (:DQSA and éSASA which can be obtained
by differentiating the polynomial ©(S,,0) from the TEOS-10 Gibbs function.
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