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Notes on the function gsw_CT_second_derivatives(SA,pt)

This function, gsw_CT_second_derivatives(SA,pt), evaluates the second derivatives of
©(Sa,0), namely

Os,s,r On and Os,0 - @)
These second derivatives are found by taking finite differences of the first derivatives (5)SA
and O, obtained from gsw_CT_first_derivatives(SA,pt) over small increments of
Absolute Salinity and potential temperature. The increments of Absolute Salinity are
+0.001g kg! and the increments of potential temperature are +0.01°C. If the input
Absolute Salinity is less than 0.001g kg™ care is taken to ensure that the Absolute Salinity
is never less than zero in any call to gsw_CT_first_derivatives(SA,pt).

The three outputs of this function, gsw_CT_second_derivatives(SA,pt), remain well-
behaved as the input Absolute Salinity approaches zero, including at S, =0 gkg™.
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Here follows appendix A.12 of the TEOS-10 Manual (IOC et al., 2010).

A.12 Differential relationships between 7, 8, ® and S,

Evaluating the fundamental thermodynamic relation in the forms (A.11.6) and (A.11.12)
and using the four boxed equations in appendix A.11, we find the relations

(Ty+t)dn+4(p)dS, = (('ITO:;)) ,(0)d0 + [u(p) ~ (To+t)r (0)]dS,
° (A.12.1)
(To+t) (To+t)

The quantity u(p)dS, is now subtracted from each of these three expressions and the
whole equation is then multiplied by (T,+6)/(T,+t) obtaining

(To+0)dn = c,(0)do — (Ty+6) 47 (0) dS, = ¢3d® —1(0) dS, . (A12.2)

From this follows all the following partial derivatives between 7, 8, ® and S,,

Ols, = Cp(Sar0,0)/c3, @sAL = [ 1(S,0,0)— (To+0) tr (Sa.0.0) ] [cp,  (A.12.3)
0,l,, = (To+6)/cj. s, L}= 14(84.60,0)/c3, (A.12.4)
0], = (To+0)/c,(30,0.0),  65,| =(To+6) 1 (54.0.0)/, (S4.0.0), (A.12.5)

Ools, = 5 /C5 (5a:0.0), s, | == [1(54,0.0)= (To+0) trr (S4,6.0)]/c, (Sa,60,0), (A.12:6)

Myls, = Cp (Sa:0.0)/(To+0). 775A‘9: — 17 (Sa,6,0), (A.12.7)
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Tols, = 5 /(To+0), M ‘@ = —4(SA.0.0)/(To+6). (A.12.8)

The three second order derivatives of 77(S,,®) are listed in Eqns. (P.14) and (P.15) of
appendix P. The corresponding derivatives of 6(S,,®), namely 6y, 6;,, oo, 65, and
0,5, can also be derived using Eqn. (P.13), obtaining

. €} . ® . c) 0,6
1 Sa Oy =% 4 "800 (A129ab,cd)

Oy = —, O = ——A, @ - ;O o=
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(A.12.10)

SaSa

0y 0, O,

in terms of the partial derivatives ©,, (:)SA , O, (:DQSA and éSASA which can be obtained
by differentiating the polynomial ©(S,,#) from the TEOS-10 Gibbs function.

and QSASA = - ’
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